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Hamiltonian and BRST Formulations of a Two-
Dimensional Abelian Higgs Model in the Broken
Symmetry Phase
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The Hamiltonian and BRST formulations of an Abelian Higgs model involving
the electromagnetic vector gauge field are investigated in one-space, one-time
dimension in the broken symmetry phase, where the phase ¢(x, t) of the complex
matter field d(x, t) carries the charge degree of freedom of the complex matter
field and is, in fact, akin to the Goldstone boson.

1. INTRODUCTION

Quantum electrodynamics (QED) models with a Higgs potential namely,
Abelian Higgs models (AHM) involving the vector gauge field A* (x, t) in
lower [one-space, one-time (1 + 1) or two-space, one-time (2 + 1)] dimen-
sions have attracted wideinterest in recent years [1-8]. These models, involv-
ing a Maxwell term which accounts for the kinetic energy of the vector
gauge field A*(x, t) [1-6], represent field-theoretic models which could be
considered effective theories of Ginsburg—Landau type for superconductivity
[6]. These models arein fact relativistic generalizations of Ginsburg—Landau
(GL) phenomenological field theory models of superconductivity [5]. Some
basics of the AHM in the symmetry phase (SP) [2—4] aswell asin the broken
symmetry phase (BSP) [9] in one-space, one-time dimension are recapitul ated
in the next section [2—4].

Quantization of field theory models has also been a challenging problem.
In the present work we consider a consistent Hamiltonian [10] and Becchi—
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Rouet—Stora—Tyutin (BRST) [11-14] quantization of the AHM in (1 + 1)
dimension with specific gauge choices [11-14].

Further, inthe usual Hamiltonian formul ation of agauge-invariant theory
under some gauge-fixing conditions (GFC) one necessarily destroysthe gauge
invariance of the theory by fixing the gauge (which converts a set of first-
class constraints into a set of second-class constraints, implying a breaking
of gauge invariance under the gauge fixing). To achieve the quantization of
a gauge-invariant theory such that the gauge invariance of the theory is
maintained even under gauge fixing, one goesto amore generalized procedure
called the BRST formulation [11-14]. In the BRST formulation of a gauge-
invariant theory, the theory is rewritten as a quantum system that possesses
ageneralized gauge invariance called BRST symmetry. For this one enlarges
the Hilbert space of the gauge-invariant theory and replaces the notion of
the gauge transformation, which shifts operators by c-number functions, by
a BRST transformation, which mixes operators having different statistics. In
view of this, one introduces new anticommuting variables ¢ and T called the
Faddeev—Popov ghost and anti-ghost fields, which are Grassmann numbers
on the classical level and operators in the quantized theory, and a commuting
variable b called the Nakanishi—Lautrup field [11-14]. In the BRST formula-
tion, one thus embeds a gauge-invariant theory into a BRST-invariant system,
and the quantum Hamiltonian of the system (which includes the gauge-fixing
contribution) commutes with the BRST charge operator Q as well as anti-
BRST charge operator Q. The new symmetry of the quantum system (the
BRST symmetry) that replaces the gauge invariance is maintained (even
under the gauge fixing) and hence projecting any state onto the sector of
BRST and anti-BRST invariant state yields a theory that is isomorphic to
the original gauge-invarinat theory.

The Hamiltonian and BRST formulations of the AHM in the SP [2—4]
have been studied in ref. 2. In the present work the model is studied in the
BSP [9]. After a brief recapitulation of the basics of the AHM (in the SP as
well as in the BSP) in the next section, its Hamiltonian formulation in the
BSP is considered in Section 3 and its BRST formulation also in the BSP
is studied in Section 4.

2. SOME BASICS OF THE AHM: A RECAPITULATION
2.1. AHM in the Symmetry Phase

The two-dimensional AHM in the symmetry phase is defined by the
action [2—4]
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S= J (D, D*, A*) d>x (2.1a)
where
1 ~
L =- ™ Fo F* + (DM<D*)(D”<I>) — V(|<I>|2) (2.1b)
V(D) = ap + g D + aug D (2.10)
= NP2 — D% Dy # 0 (2.1d)
D, = (9, + i€A); D, = (9, — ieA,) (2.1¢)
Fu = (0,A, — 9,A)) (2.1f)
g .= diag (+1, —1); wv=01 (2.19)

The model isknown to possess stable, time-independent (i.e., static), classical
solutions called topological solitons of the vortex type [1-4, 7].

In a quantum theory of the kind that we are considering here, for a
specific form of the Higgs potential which admits static solutions, in general,
one could have two degenerate minima, a symmetry-breaking minimum and
a symmetry-preserving minimum, and correspondingly the theory could have
two types of classical solutions, topological vortices with quantized magnetic
flux as we have in the Ginsburg—L andau model, where it is possible to define
aconserved topological current and a corresponding topological charge which
is quantized and is related to the topological quantum number called as the
winding number, and as another type of classical solution, nontopological
solitons with nonvanishing, but not necessarily quantized magnetic flux
[2-4, 7].

Themain new result of such studiesistheidentification of the Ginsburg—
Landau theory with the static solution of the Higgs type of Lagrangian [1-7].

Further, in the present AHM, considered with a Higgs potential in the
form of a double-well potential with &, # 0, the spontaneous symmetry
breaking (SSB) takes place due to the noninvariance of the lowest (ground)
state of the system (because &, # 0) under the operation of the local U(1)
symmetry. Also, the symmetry that is broken is still asymmetry of the system
and it is manifested in a manner other than the invariance of the lowest or
ground state (Py) of the system. However, no Goldstone boson occurs here
and instead the gauge field acquires a mass through some kind of Higgs
mechanism and the symmetry is manifested in the Higgs mode.

In general one can keep the Higgs potential rather generd, i.e., without
making any specific choice for the parameters of the potential except that
they are chosen such that the potential remains a double-well potential with
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@y # 0. For further details we refer to refs. 2—4 and 7 and references therein.
The Hamiltonian and BRST formulations of the AHM in the SP have been
studied in ref. 2. In the present work the model is studied in the BSP,

2.2. AHM in the Broken Symmetry Phase (BSP)

In the present work we study the AHM in the BSP [9] of the complex
matter field ® [= & (x, t)]. For this purpose, for the complex matter field
d we take

d = Py exp[ip]; DPy#0 (2.2

Here ¢ [=d (X, )] is the phase of the complex scalar field ®. The action of
the theory [2—4] in the BSP [9] then becomes

S= J % dx dt (2.39)

%= [ﬁl F L Fe + % (0, & + eA,) (9" + eA“)] (2.30)
It is important to notice that the vector gauge boson A* becomes massive in
the BSP. This mass generation of the vector gauge boson takes place perhaps
through a mechanism similar to the Higgs mechanism [9]. The phase ¢
carries the charge degree of freedom of ® and isin fact akin to the Goldstone
boson and is to be treated as a dynamical field [9]. Also, the ground state
in the BSP is not rotational invariant. Such studies of the theory in the
broken-symmetry (superfluid) state could be relevant for effective theories
in condensed matter as the action of the theory describes the low-lying
excitations in the BSP [9]. In the present work we study the Hamiltonian
and BRST formulations of the theory described by the action (2.3) (in the
next two sections, respectively).

3. HAMILTONIAN FORMULATION

For considering the Hamiltonian formulation of the AHM in the BSP
in the instant form (i.e., on the hyperplanes x° = const), we express the
action of the theory (2.3) in component form, which in (1 + 1) dimensions
reads [2—4, 7]

S= J % dx dt (3.13)

= | s o — oA + 3 00" — 2207
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+ eAa0h) — Aonb)] + 5 EAG - A%)} (3.10)

Fwv = (9vA — a"A¥),  g*:=diag(+1, —1); p,v=01 (310

In the following, we consider the Hamiltonian formulation of the theory
described by the action (3.1). The Euler—L agrange field equations of motion
of the theory obtained from (3.1) are

[— 9,0%b — eanAWb_ =0 (3.29)
[— €(019) — A, + eiz aoFm: =0 (3.2b)
[e(amb) + Ay + eiz alFm_ =0 (3.20)
The canonical momenta obtained from (3.1) f_:\re
mi= 5 ((Zib) = dgb + €A (3.39)
0= - (ngAo) -0 (3.30)
EG=TIY = a(gTil) = _?1 (918 — doAy) (3.3¢)

Here, I1°, and E (:= I1*) arethe momentacanonically conjugate respectively
to ¢, Ay, and A.. Equations (3.3) imply that the theory possesses one pri-
mary constraint:

x1=Ilp~0 (3.4)
The canonical Hamiltonian density corresponding to & of (3.1b) is
He = [m(9ed) + o(doA0) + E(doA) — ] (3.59)

= [% (72 + €E? + (01d)? + 2eA(0:0) + €A

+ Ea,A; — erer} (3.5b)

After including the primary constraint x, in the canonical Hamiltonian density
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. with the help of the Lagrange multiplier field u, the total Hamiltonian
density ¥ can be written as

Hr = ¥, + Iy (3.6)

The Hamiltonian equations obtained from the total Hamiltonian

Hy = J t dx (3.7)
are
oH
dod = a—T = [m — €Al (3.89)
a
oH+
—dom = o = [—0101d — &(9:1A1)] (3.80)
_ obr _
oAy = oI, u (3.8¢)
oH
—9oII° = a—A; = [-9;E — en] (3.8d)
oH+
aoAl = E = [e’ZE + Gle] (389)
_ap =9 _
doE = oA, [€°A; + ed,d] (3.8f)
_ oHy _
dou = oIl =0 (3.89)
oH
_aOHu = a_uT = HO (38h)

These are the equations of motion of the theory that preserve the constraints
of the theory in the course of time. For the Poission bracket {-,-}, of two
functions A and B, we choose the convention

0A(X) aB(Y)  9A(X) aB(Y)
90.(2) Pa(2)  9Pu(2) 90.(2

Demanding that the primary constraint x, be preserved in the course of time,
one obtains the secondary Gauss-law constraint of the theory as

(AM), BY)}, = j @) [ ] (39)
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Xz = {xw #7}, = [0,.E + en] =~ O (3.10)

The preservation of x, for al timesdoesnot giveriseto any further constraints.
The theory is thus seen to possess only two constraints x; and xo:

Further, the matrix of the Poisson brackets of the constraints x; is seen to be
anull matrix, implying that the set of constraints y; is first class and that the
theory described by (3.1) is a gauge-invariant theory. The action of the
theory §3.1) is, in fact, seen to be invariant under the local-vector gauge
transformations (LVGT):

SAO = _608, 8A1 = _818, 84) = eB, ou = —6080[3 (312a)
5w = 3T1, = oI, = 3E = 0 (3.12b)

where B = B(x, t) is an arbitrary function of its arguments. The generator
of the LVGT is the charge operator of the theory:

2= Pox= [ax e + e + 20 0 - am)| @13

The current operator of the theory is

3= [ o= [ x| et + o) - Lm0 | 039

The divergence of the vector-current density, namely, d,,j* is therefore seen
to vanish, so that

auj” = 80j0 + aljl =0 (315)

implying that the theory possesses (at the classical level) alocal vector-gauge
symmetry (LVGS).

In order to quantize the theory using Dirac’s procedure we convert the
set of first-class constraints of the theory ; into a set of second-class con-
straints by imposing, arbitrarily, some additional constraints on the system
called gauge-fixing conditions or the gauge constraints. For this purpose, for
the present theory, we could choose, for example, the set of gauge-fixing
conditions (A) p1 = Ay = 0and p, = A; = 0and (B) ¥y = A, = 0 and
, = 9;A; = 0O; corresponding to these choice of the gauge-fixing conditions,
we have the following two sets of constraints under which the quantization
of the theory could be studied:
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Set A
& =x1=1lo~0 (3.16a)
& =x2=[0.E+em ~0 (3.16b)
EB=p1=RA~0 (3.16¢)
&=p2=A~0 (3.16d)
Set B
m=x1=Ip~0 (3.17a)
M2 =Xz = [0:E +en] =0 (3.17b)
M =P =~A~0 (3.17¢)
MNa= P2 = 3d1A; ~ 0 (3.17d)

The matrices of the Poisson brackets among the set of constraints & and m;
are now seen to be nonsingular (and therefore invertible) and are omitted
here for the sake of bravity.

The Dirac bracket { -, -}, of the two functions A and B is defined as [10]

(A BJo = {A B}, - J J cw iz 3, (A, T, (W} LA 2]

X {I's(2), B}l (3.18)
where I'; are the constraints of the theory and A.,g(W, 2) [={T'«(W), I's(2)} 4l
is the matrix of the Poisson brackets of the constraints I';. The transition to

guantum theory is made by the replacement of the Dirac brackets by the
operator commutation relations according to

{A, B}p - (—=i)A B], i=J-1 (3.19)
Finally, the nonvanishing equal-time commutators of the theory in case A,
i.e, in the gauge A; = 0 and A; = 0, are obtained as [12—14]

[d(x 1), 7(y, O] = id(x —y) (3.204)
[As(x, 1), E(y, ©)] = 2i3(x — Y) (3.20b)
[d(x 1), E(y, )] = —% iee(x —y) (3.20c)

where e(x — y) is a step function defined as

ex—y) = {fij e (321)

The nonvanishing equal-time commutators of the theory in case B, i.e, in
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the gauge A; = 0 and 9,A; = O, are seen to be identical with those of case
A, as they should, and are also given by (3.20). This is not surprising in
view of the fact that the gauges A; = 0 and 9,A; = O conceptualy mean
the same thing.

For later use, for considering the BRST formulation of the theory,
we convert the total Hamiltonian density into the first-order Lagrangian
density &0

Lo = [m(90d) + Tg(doAg) + E(doA) + TIu(dou) — %]

=[—% (m? + €E2 + (919)? + 2eA(019) + A

In the above eguation, the term I1y(9qAy — U) drops out in view of Hamil-
ton’s equations.

4, BRST FORMULATION
4.1. BRST Invariance

For the BRST formulation of the model, we rewrite the theory as a
guantum system that possess the generalized gauge invariance called BRST
symmetry. For this, we first enlarge the Hilbert space of our gauge-invariant
theory and replace the notion of gauge transformation, which shifts operators
by c-number functions, by a BRST transformation, which mixes operators
with Bose and Fermi statistics; we then introduce new anticommuting variable
¢ and T (Grassmann numbers on the classical level, operatorsin the quantized
theory) and a commuting variable b such that [11-14]

S =ec;  SA = —oC SA, = —d,C (4.19)
St =8E =8I, =8I, =0, du= —dydc (4.1b)
Sc=0, & =b Sb=0 (4.1c)

with the property §2 = 0. We now define a BRST-invariant function of the
dynamical variables to be a function f (m, E, I, 11, py, I, 15, &, Aq, Ay,
u, b, ¢, ©) such that 8f = 0.

4.2. Gauge Fixing in the BRST Formulism

Performing gauge fixing in the BRST formalism implies adding to the
first-order Lagrangian density £, atrivial BRST-invariant function [11-14].
We thus write
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Farer = { <3 0" + GEF + (107" + 200(510) + A

+ m(00b) + E(9oAy) + 8[@(—30% + %q) - % b)]} 4.2)

The last term in the above equation is the extra BRST-invariant gauge-fixing
term. After one integration by parts, the above equation can be written as

Fansr = { 3 10"+ GE + (0" + 20 (0:0) + €A1

+ m(90) + E00A) + b(=30As + £ §)

- % b2 + (950)(950) — T c} (4.3)
Proceeding classically, we see that the Euler—Lagrange equation for b reads
b= <avo - %d)) (44)
The requirement 3b = 0 then implies
—3b = [S(avo) - é&p} (4.5)
which in turn implies
—dgdgC = C (4.6)

The above equation is also an Euler—Lagrange equation obtained by the
variation of Lgrsr With respect to T. In introducing momenta, one has to be
careful in defining those for the fermionic variables. We thus define the
bosonic momenta in the usual manner so that

__ 0 _
= (90A0) Lrrst

but for the fermionic momenta with directional derivatives we set

—b (4.7)

a _ 2. e a — o
m = C, Hc . —a(aoé) gBRST C (48)

implying that the variable canonically conjugateto cis (9,C) and the variable

IT; := Pagrsr
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conjugate to T is (9qC). For writing the Hamiltonian density from the Lagran-
gian density in the usual manner we remember that the former has to be
Hermitian, so that

%BRST = [’IT(]’) + H())Z\O + Elz\l + Hu& + Hc(o: + %Hc - =(£BRST]
= [% (m? + €E2 + (01h)? + 2eA1(910) + €2A3)

+ %Hoq) + %Hg + ILII; + CC} (4.9

We can check the consistency of (4.8) and (4.9) by looking at Hamilton's
equations for the fermionic variables, i.e.,

—

] _ 0
doC = 8_HC Harsr, doC = Hgrst P (4.10)
Thus we see that
06 =~ Homer = T, 9F = Hongy = = [, (411)
o€ = gy, Merst o o BRST ST c .

is in agreement with (4.8) For the operators ¢, T, dqC, and 9,C one needs to
satisfy the anticommutation relations of dqc with T or of 94C with ¢, but not
of ¢, with T. In general, ¢ and T are independent canonical variables and one
assumes that

(T, 11} ={c,c} =0, afc,c} =0 (4.129)
{04, &} = (—1){a.C, T} (4.12b)

where{-, -} means an anticommutator. We thus see that the anticommulators
in (4.12b) are nontrivial and need to be fixed. In order to fix these, we
demand that c satisfy the Heisenberg equation [11-14)]

[c, Harsr] = idoC (4.13)
and using the property ¢ = ¢ = 0, one obtains
[c, #grst] = {9dC, C}IoC (4.14)
Equations (4.12)—(4.14) then imply
{90T, c} = (—1){acc, T} =i (4.15)

Here the minus sign in the above equation is nontrivial and implies the
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existence of states with negative norm in the space of state vectors of the
theory [3, 10, 11].

4.3. The BRST Charge Operator

The BRST charge operator Q is the generator of the BRST transforma-
tions (4.1). It is nilpotent and satisfies Q> = 0. It mixes operators which
satisfy Bose and Fermi statistics. According to its conventional definition,
its commutators with Bose operators and its anticommutators with Fermi
operators for the present theory satisfy

[b,Q] = —ec;  [AL,Ql=—-0:c;  [An, Q] = dc (4.169)
{c,Q = -y, {0sC Q} = [—0:E — en] (4.16b)

All other commutators and anticommutators involving Q vanish. The BRST
charge operator of the present theory can be written as

Q= J dx [ic(d; E + em) — i(ag )Ig] (4.17)

This equation implies that the set of states satisfying the conditions
Io/yy =0 (4.1839)
[0:E + enm]|by = 0 (4.18b)

belongs to the dynamically stable subspace of states |\s) satisfying Q|is) =
0, i,e, it belongs to the set of BRST-invariant states.

In order to understand the condition needed for recovering the physical
states of the theory, we rewrite the operators ¢ and T in terms of fermionic
annihilation and creation operators. For this purpose we consider (4.6). The
solution of Eq. (4.6) gives the Heisenberg operator c¢(t) [and correspondingly
c(t)] as

c(t) = €B +e"D; ) = e "B + €D (4.19)
which at time t = 0 imply
c=c(0) = B + D; t=7¢(0) =B"+ D' (4.209)

E=&0) =i(B—-D); C€=¢0) = —i(B"—D" (4.20b)

By imposing the conditions
2=={cc ={¢& =0 (4.21a)
{¢c =i=-{&c (4.21b)

we now obtain the equations
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B>+ {B,D} + D?=B"™ + {B",D'} + D2 =0 (4.224)
{B,B"} + {D,D"} +{B,D"} +{B",D} =0 (4.22b)
{B,B"} +{D,D" — {B,D"} — {Bf,D} =0 (4.22¢)
{B,B" —{D,D"} —{B,D"} +{D,B} = -1  (4.22d)
{B,B"} — {D,D"} +{B,D"} —{D,B"} = -1 (4.22¢)
with the solution

B2=D?=B"”=D"”=0 (4.233)
{B,D} = {B",D} ={B,D'} = {B",D'} =0 (4.23b)
{B", B} = — 1; {D", D} = 1 (4.23c)
2 2
We now let |0 ) denote the fermionic vacuum for which
B|O) = D|0) = O (4.24)
Defining |0) to have norm one, (4.23c) implies
(0|BB'|0) = —%; (0|pD1[0) = +% (4.25)
S0 that
B'|0) # O; Doy # 0 (4.26)

The theory is thus seen to possess negative norm states in the fermionic
sector. The existence of these negative norm states as free states of the
fermionic part of #grsr IS, however, irrelevant to the existence of physica
states in the orthogonal subspace of the Hilbert space.

In terms of annihilation and creation operators,

Honsr = E (72 + B2 + (916)° + 20A(016) + EAD

+ £H0¢ + %H% + 2(B'B + D*D)] (4.27)
and the BRST charge operator Q is
Q= J dx i[B(alE +em — iHo> + iD(alE +em + il'Io)] (4.28)

Now because Q[s) = 0, the set of states annihilated by Q contains not only
the set of states for which (4.18) holds, but aso additional states for which
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Bls) = D[y = 0 (4.299)
IIoly) # O (4.290)
[0:E + em]|b) # 0 (4.29c)

The Hamiltonian is also invariant under the anti-BRST transformation
given by
Sb = —6c,  SA = aC,  SA = 9T, oU = dpdeC (4.308)
dm=8E=35I,=3Il,=0 (4.30b)

Sc=0, S=-b Sb=0 (4.30¢)
with the generator or anti-BRST charge

Q= J dx [—ic(alE + em) + i(aor:)HO]

- J dx [—iBT<61E +em+ iHo) - iDT<alE +em— inoﬂ (4.31)

we aso have
90Q = [Q, Hgrsr] = 0 (4.329)
90Q = [Q, Hgrsr] = 0 (4.32b)
with
HBRST = J dx %BRSI' (432C)

and we further impose the dual condition that both Q and Q annihilate
physical states, implying that

Q) =0 and Q) =0 (4.33)

The states for which (4.18) hold satisfy both of these conditions and, in
fact, are the only states satisfying both of these conditions, since, although
with (4.23)

2(B'B + D'D) = —2(BB' + DD (4.34)

there are no states of this operator with Bf|0) = 0 and D'|0) = O [cf. (4.26)],
and hence no free eigenstates of the fermionic part of Hggrsr Which are
annihilated by each of B, B, D, D'. Thus the only states satisfying (4.33)
are those satisfying the constraints (3.11).
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Further, the states for which (4.18) holds satisfy both the conditions
(4.33) and, in fact, are the only states satisfying both of these conditions
because in view of (4.21), one cannot have simultaneously ¢, doC and T, 94C
applied to ) to give zero. Thus the only states satisfying (4.34) are those
that satisfy the constraints of the theory (3.11) and they belong to the set of
BRST-invariant and anti-BRST-invariant states.

Alternatively, one can understand the above point in terms of fermionic
annihilation and creation operators asfollows. The condition Q[s) = Oimplies
that the set of states annihilated by Q contains not only the states for which
(4.18) holds, but also additional states for which (4.29) holds. However, Q|is)
= 0 guarantees that the set of states annihilated by Q contains only the states
for which (4.18) holds, simply because B'|{s) # 0 and D|¢s) # 0. Thusin
this alternative way we also see that the states satisfying Q|¢s) = Q[s) = 0
[i.e., satisfying (4.33)] are only those states that satisfy the constraints of the
theory and also that these states belong to the set of BRST-invariant and
anti-BRST-invariant states.
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